ON QUASI-ELLIPTIC BOUNDARY PROBLEMS

BY
TADATO MATSUZAWA

1. Introduction. In this paper we consider the boundary problem
(1.1 P(x,Du=f in x,>0,
(1.2) Ofx,Dju=¢g, on x,=0,1sj=sr,

where P(x, D) is a quasi-elliptic operator and {Q,(x, D)}]., is a system of boundary
operators satisfying the complementing condition.
First we derive the a priori estimate of the form

(1.3) lolm £ C(|PCx, D)vflo+ ; |Q/(x, DYvli,+ [[v]lo)

for suitable boundary norms |Q,(x, D)v|i, j=1,...,r.

Secondly we shall consider about the hypo-analyticity at the boundary x,=0
for the above problem with the simple boundary operators.

In §2, a definition of a quasi-elliptic operator is given. In §3, a definition of a
quasi-elliptic boundary problem is- given. §4 and §5 are devoted to derive an a
priori estimate (coerciveness estimate) for the case of constant coefficients. In
§6 and §7, we shall prove the coerciveness estimate for the case of variable co-
efficients. In §8 we prove the regularity at the boundary of the solutions of quasi-
elliptic boundary problem.

In §§9, 10 and 11 we consider hypo-analyticity at the boundary for quasi-
elliptic boundary problems. Theorem 9.2 was suggested by Professor Lions.

The author is deeply indebted to the authors [2], [3] and [12] to make this paper.
The author expresses his hearty thanks to Professors Mizohata, Lions, and Kuroda
for their valuable suggestions.

2. Preliminaries. Let R" be the n-dimensional Euclidean space whose point is
denoted by (x,, ..., x,). For convenience, set x=(x,, ..., X,-1), y=X, and denote
by (x, y) a point of R". The half spaces y>0 and y=0 are denoted by R% and
(R%)° respectively.

Let a=(ey,...,a,) be a multi-index of nonnegative integers with length
|e| =01+ - +«,. We put D;=i"%(9/ox,), | £j<n, (i*=—1), and

D, =(Dy,...,Dn_), D, = D, D = (D,,..., D).
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Then the linear differential operators of order m with constant coefficients can
be written as
@ P(D) = P(D5, D) = 3 aDfs---Dip,

lelEm

where the coefficients a, are complex constants. The polynomial corresponding to
P(Dy, D,) is

P(f’ 77) = Z atzf‘]x.1 cte 55':-1]77“"’

lai Sm
where £=(¢,, ..., &.-1)-
DErFINITION 2.1. A quasi-elliptic operator of weight ¢ is defined as an operator
(2.1) satisfying the following conditions:
m; >0, 1 =i=n, aregiven integers, m = max my,

(22) 1s5jsn

gg=mm; 21, and q =(qy,--.,qn)-

(2.3) P(D)= > aD° where {a,q) = ayqi+- - +ngn;
{(a,g>sm

the principal part of P with respect to the weight g is P°(D)=72(,,¢5 =m d D"

24 mz &l +lnlm s CPE )| forany (6 e R

We see that the quasi-elliptic operators are hypo-elliptic. We note that when
my;=m for every j, the quasi-elliptic operators are just the elliptic operators of
order m. If m,=1 and m,=2 for j<n, we find that the heat equation is quasi-
elliptic. Also the p-parabolic equations in the sense of Petrowsky are quasi-elliptic
(cf. Friberg [3]).

Let 7,(£),. .., 7m,(é) denote the roots of P°(¢, z)=0 for each real vector {=
(&1, . . ., €4-1). In the case n>2 we see from the condition (2.4) that the number r
of the roots with the positive imaginary part is independent of £#0, and in this
case we shall say that P(¢, 7)(P(D)) is of determined type r. In the case of n=2 we
suppose this root-condition on P°(¢, »).

3. Coerciveness inequality (I). The constant coefficient case.

We consider a quasi-elliptic operator P(D) of weight g=(m/m,,..., m/m,)
and of determined type r (1=r<m,):
(3.1 P(D) = P(D,, D)) = 2 a,Df1---DinyiDin.

{a,q)Sm
Here we may assume the coefficient of Dj» is equal to 1. The corresponding
polynomial of P(D) is

P&, )= 2 @&yl

{a,q>sm
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By rearrangement if necessary we may assume that

3.2 Im r(¢€) > 0, 1sksr,
3.3) Im 7,(¢) < O, r<k=m,,
Set

P, =[TG-®), P =PoP,.

k=1
Similarly we consider the boundary operators of the form
. m
(G4 oD = D bD j=1,..,r, 05p < (ma=1) -~ = m—g.
<{B,a>Spy n

The corresponding polynomial of Q«(D) is
Of&m = > byfhs-- gyt

{B.a>Spy

and
9 m) = D befh - hninfa,

{B:@)>=py

DEeFINITION 3.1 (COMPLEMENTING CONDITION). We shall say that the Q/D)
(j=1,...,r) cover P(D) when Q%(¢7)(j=1,...,r) are linearly independent
modulo P, (¢, n) as the polynomials in % for every nonzero £ € R*~1,

Let Co(R%) denote the set of complex-valued functions which are infinitely
differentiable in R% and vanish for (x, y) with |x|?+ y? sufficiently large. We denote
by 6(¢, y) the Fourier transform of v(x, y) € C((R%)~) with respect to the varia-
bles x3,..., Xp_1:

06, y) = @uy vz || emteon(, y) d
nﬂ

-1

As usual we set

ot = ([f., . ooraras)” = ([ [ 1oce. e deay)™

Corresponding to the operator (3.1) we employ the notation
(3:9) & = (™4 +|aos|maer)m.

For a real number p, we shall make use of the scalar product
vy, U2y = fn»-l (L+<LE0:(€, 0)83(€, 0) dE, vy, v € CP((R%)?).

The corresponding norm is given by
3.6) lv], = (v, vDp)*2.

Then we have the following two theorems.
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THEOREM 3.1. Let P(D) and Q(D), j=1,...,r, be given as above and
QD) (j=1,...,r) cover P(D). Then there is a constant(*) C depending only on
P°and Qf (j=1,...,r) such that

NI | (TSGR R—"

a,q>=m
for allve Ce((R})).

THEOREM 3.2. Let P(D) and Q« D), j=1,...,r, be the same as in Theorem 3.1.
Then there is a constant C depending only on P and Q; (j=1, ..., r) such that

(3.8) z | D] = C("P(D)U"+ Z |Q,(D)v|,,,_,,,_(m,2,,.,,)+||v||)
{a,g>sm i=1
for all ve CP((R%)%).

Theorem 3.1 can be proved by the modification of Schechter’s method [12],
we shall give the complete proof in the following section. The proof of Theorem 3.2
will be given in §5.

4. Proof of Theorem 3.1. Let R(¢, n) be any monomial such that
(CRY) R(& ) = &5 -Gratn™, (e, @) =m.
Then there is a constant K, such that
4.2 IR, )| £ K| P°E,m)l,  (§,meR

In fact, R(¢, 7)/P°(&, ) is continuous on the surface |£|2+9?=1 in R", and to
replace ¢, by £;t''™, j=1, ..., n—1and 5 by '™ in (4.2) is nothing but to multiply
both sides of (4.2) by ¢ if £>0. Hence (4.2) is valid for every (¢, ) € R™.

Now it will be convenient to make the following definition.

DEFINITION 4.1. We shall say that a function p(¢, n) is homogeneous of degree k
(with respect to weight ¢), if for any >0 it holds

@.3) p(mmgy, trimag, L 1) = p(€,m), (6, m) e R™

We recall that Q9(¢, n)=S.(a,0>=p, bab¥r - - - £any'n"™, 0S p;Sm—(m/my,) that is,
Q? is homogeneous of degree p; with respect to weight g. We observe that by multi-
plying each Q2(¢, 7) by an appropriate power of (€ =(|£;|™ + - - - +|£y|"™-1)1",
we may assume that each Q9(¢, n) is homogeneous of degree m—(m/m,) with
respect to weight g. Then Q9(¢, 1), 1 £j<r, may no longer be polynomials in the £,
but this does not affect the following argument.

For simplicity we assume that the roots 7,(¢) of P°(¢, z)=0 are simple, because

(*) In this paper we use the same symbol C to express different constants.
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it is easy to prove Theorem 3.1 for the general case. Resolving into partial fractions
we have

Mp 0 Mn
R _ S &, &_ 5 4«
0= (i >
P k=11 Tk P k=1M1"Tk

where
T 9 T
O = e 4ud) = gy 1Sjsnlsksm,
o o

We can easily verify
44) "M (8) = T (tmM™E, ., Mg ), t>0,1<k=m,
(4.5)  t™me(é) = e(tM™Ey, ..., tMM1 ), t>0,1 2k m,
Similarly we have
4.6) gu(é) = gu(t™™éy, ... tMM2f, ), >0, 1Sjsrlsksm,

In particular, it follows that there are constants K; and Kj such that
n=1 1m,
@n  1e®l S Ko = K 3 6%) 1Sk S m,
j=1

4.8) K3 ™M™ < [Im 7(8)] S Ke()™™, 1Sk S m,

Let 6(¢, y) be the Fourier transform of v(x, y) € C°((R%)*) with respect to the
variables x,, .. ., x,_, and define it to be zero for y < 0. We consider #(¢, y) as a
function of y with a vector parameter £. Set

6, m) = gy [ €706, ) .

Then we see that [recall that D, =i~(9/oy)]

@.9) [D,0]" = 76+ 806, O).
Next define
S, y) = P& D)o, y) foryz0
=0 fory < 0,
and set
P&, ) = :i(fk(?) 1k <m,
Then by (4.9)

(4.10) f=m—7)IPAE DYOI™ +We, 1Sk <Smy,
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where
W, = WP.?@, D), 0), 15k <m,
Since
R = ekP I?’
k=1
we have by (4.9)
Mp
[R& DYB]~ = > el P D,)6l”
k=1
oIV
k=1 N— Tk
_ R, 3 W,
P f—k=1 N Tk
and hence

IR DYOI"| < Kil 7]+ KeCE™ma S 'IWkl ,

k=1 "7_"'k|

Thus by Parseval’s formula and (4.8) we see

[ 1w, Do ay < c( [ 171 dn+coprmm 2'"’“'2 I M_fn??)
@.11)

Mmn

sc([7 1rdrecomm 3 me).

k=1

We note that Im 7, <0 for r <k <m,. Paley-Wiener’s theorem implies

f d‘l) = —21riWk, r< k é m,".

—0N— T
Hence by (4.8) and by Schwarz’s inequality
@12 WP sconst o [T IflRd,  r<ksm,

Therefore (4.11) becomes

@13 [T Dyitaysc ( [ 17 dn+-comm > lwklﬂ).
- k=1
Next we observe that there is no complex vector w=(w,, ..., w,)#0 such that
2k=1qnw,=0, 1=k=r. For, otherwise there would be a complex vector
A=(A4, ..., A,)#0 such that

4.14) D Agp=0, 15ksr

i=1
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and hence

mp m

r r A n r A
0-1 10O = e _ 195k
PN =2 2 2,2

j=1k=1M"Tk k=7 N— Tk

which shows that >7_, \;0f is a multiple of P,. This contradicts the comple-
menting condition (Definition 3.1). Thus the expression

T
j=1

s positive on the compact set >} ., |w,|2=1, || =1. Hence by the homogeneity
properties of the g,,, there exists some constant K,

T
z 9kWx
k=1

2

r
Z girWi
k=1

2

(4.15) i |w|? £ K, i
k=1 i=

for all w and ¢&.
Now recall that

Q) = Z gnPR+ Zn 93Py,

k=1 k=r+1

W, = (2# PY(¢, D¢, 0).

By the triangle inequality

S 4P, 0)’ <1000+ S guii|@min
k=1 k=r+1

Hence combining (4.12), (4.13) and (4.15) we get

@16 [71RE Dy s ([ 1R drra+cer= S o or)

If we now integrate with respect to ¢ we obtain (3.7). This completes the proof.
5. Proof of Theorem 3.2. First we need the following lemma.

LEMMA 5.1. For any >0 there exists a constant C= C(e)>0 such that

(5.1) > D se > |D%W[+Clo], ve CEURL).

{B:a>< {a,q>=m
Proof. We extend v=0v(x, y) € C5°((R%)?) to the whole space R" setting
vl(x’y) = v(x,)’)» y 0
= D Aalx, —kp), ¥ <0,
k=1

where the A, are constants chosen so that all the derivatives Djv for 0<j<m,—1
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are continuous at y=0. Here A, depends only on m,. We observe that for « satis-
fying (o, g><m
[Dv,]~ = & - - - Eanty™Dy(€, 1),
and that, for any ¢>0 and B8 ({B, ¢) <m),
|6y S e > € Enpn|+C
{a,@>=m
with a constant C depending only on e. By using Parseval’s identity the lemma
follows.
By Lemma 5.1 we have
2 Dol = > D+ D D%

{a@,g>Sm {a,g>< {(@,g>=m

(1+e) D |D%|+C@Eol, ve CRRL)).

{a,g>=m

IA

So, from Theorem 3.1 we get

S o] = C(||P°(D)v||+ S IQ?(D)vlm-p,—<m/am,.>+Ilvll)’
(5.2) <mao=m =1

ve Co((RY)?).
Similarly we can see that for any >0 there is a constant C>0 such that

|PU(DY| < e > |D%|+Clo]+|P(D)], veCERL).

{@,q>=m
Taking e sufficiently small (for instance e=1%) we get the inequality
63 3 100l 5 C(1POwl+ S 10KDeln-sy-cmanat ol
a,q m =

It remains to replace QJ(D)v by Q,(D)v in (5.3). To do so, again we need to
extend v(x, y) to the whole space R" as in the proof of Lemma 5.1 and we denote
the extension by v,(x, y).

For any v € CE((R%) ), we have by Schwarz’s inequality

|6(¢, 0))? < 2% ( fw |6:1(€, 7| dn))2

< 5!; f: (1 +<EY2mma +n2)|v4(€, )| dy f_: ﬁ‘@%ﬁ

The last integral is equal to m(1+<¢)2™m»)~1/2, Hence we get

, Y 1/2
1+ mam g Dyei(6, 0) 5 CA-+<O =2 [1ene0,1* )
(5.9 v
+(1+<f>)m-”-mm"(fIfa"r)a”+1ﬁ1|2 d,’)
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Here we put o=(¢, «,), o’ =(ey,..., 2,-;) and we assume <a,gd>=p,; (p;=m
—m/my,). For the first term on the right hand side, the method used already gives

A+ o€ % £ C(A+|&|™+ - +[n™), (6, n)eR",
for some constant C. Similarly for the second term, we have
(IO =P |gymn* Y < C(L+]&|™+ - +[n™),  (§,m)eR™

Thus by extending v to v; and by Parseval’s formula, we get

(5.5) | D05y -miamy S € 2> D%, veCO(RL))
<{B,q>=m
for any « such that {«, ¢)>=p,.
By triangle inequality we have
IQJO(D)vlm—p/-mlzm,. é IQI(D)vlm~p;—m/2m,.+C z Imv|m~vj—ml2mn‘

{(@,q><py

Hence a slight modification of the proof of Lemma 5.1 gives for any >0

IQ?(D)DIM"Pj‘m/QM” é ,QJ(D)vlm-p;-mlzm,,+8 Z |D“v|m—p,-m/2m..
(5.6) a,8>=p;

+C@|0ln-p -mams € CSURL)).

By the argument used in the proof of the inequality (5.5) we get for the third term
on the right hand side of (5.6)
GD Jolnesy-mem S ¢ 3 [D0[+CElol.  ve CR(RLY).
a,g)=m

Here we may assume p; >0, otherwise we do not need such an inequality because
p;=0 implies Q,=const. and QY= Q,.

Combining the inequalities (5.5), (5.6), and (5.7) we have
(5.8) IQ?(D)vlm—n;—mlﬁ!mn s IQJ(D)vlm-p;-mlﬁm.."'ze Z "Dav“ +C“v"-

a,q>=m

Finally, taking ¢ sufficiently small we arrive at the conclusion:

> 10wl s c(1p@wl+ 3 LI m——
(5.9) {a,g>=m j=1

ve Ce((RY)Y).
This completes the proof of Theorem 3.2.

6. Coerciveness inequality (II). The case of variable coefficients. The con-
clusions of Theorem 3.1 and Theorem 3.2 can be extended to operators with
variable coefficients.

Let Q be a domain in R . It is supposed that the boundary of Q contains an open
set w (# @) in the plane y=0. For convenience, assume the origin (0, ..., 0) is
contained in the (interior of) plane boundary w.
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We consider a linear differential operator

(6.1) P(x,y,D) = D  aJx,y)D%

{a,¢>=m

where a,(x, y) are complex valued functions defined on Q U w and infinitely
differentiable. We assume that the operator (6.1) is quasi-elliptic of weight
qg=(m/my, ..., m/m,) in Q U w, more precisely, there is a constant K>0 such
that

6.2) Elm 4 # s [n]™ S K| D adlx, p)En™]

{a,q>=m

for any (¢, 7) € R" and for any (x, y) € Q U w. We may assume the coefficient of
Dp is identically equal to 1.

Set P(D) = 3.(a.03=m 4.(0, 0)D* and assume that P(D) is of determined type r,
1=r=<m, (see §1). We consider r boundary operators Q,(x, D) defined on w:

(63 Q(x, D)= D b()DiDi, j=1,...,r,0=p, < m—mjm,,

(a,q)spy

where b,(x) are complex valued functions defined on w and infinitely differentiable.
Set

0D)= 2 bODEDi, j=1,...,r

<@, 035p
We denote by Q, (6 >0) the hemisphere
Q= {(x,y);y 2 0, |x]*+y* < &},
and denote by w, the plane boundary of €Q;:
ws = {(x,0); x < 8}.

THEOREM 6.1. Let P(x, y, D) and Q(x, D), j=1,...,r be defined as above and
assume that Q(D) (j=1,...,r) cover P(D). Then for sufficiently small >0 there
exists a constant C >0 such that

< c(1pw, », <  D)olns, - mamt o] )
©64) (ags’n |1D%| = (NP(X y D)vll+lzllQ;(x D)v| 2 +||,,“)

v e CL(Q,).
7. Proof of Theorem 6.1. In view of Theorem 3.2 it holds for some constant C

0 en 1P C(1PDWl+ 3, 10DWa-r,-mm+ 1ol

ve Co((RY)%).
Let us write
P(D)y = P(x, y, Dyo+[P(D)—P(x, y, D)Jv.
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Then for any >0 we can take sufficiently small § >0 such that

(1.2) IP(DY| < [P(x,y, Dywl+e > |D%], veCR(Qy.

{a,g)sm

Put e=1/2. Then we have

S b < 2c(uP(x, y, Dyl + > |Q,<D>v|m-,,-m,m+uvu),
(1.3) <@osm =1

v e CP(Qy).

It remains to replace Q,(D) by Q/(x, D) in (7.3). To do so, we shall prove some
lemmas. We denote by y, € @'(R"~!) the distribution such that

(7.4) Pu(E) = (L+Em - gamn1yoem
for real s.

LeMMA 7.1 (CF. M1zOHATA [9]). Let s be real and positive. Then
(1.5) Gy * @l < e(e, O)ysx o, @eCPR*™Y), a#0.

Here, ¢(«, 8) is a constant such that ¢(«, 8) tends to zero when the diameter & of the
support of ¢ tends to zero.

Proof. It is obvious that

Xp®) = (= 1)DE() = P&,

where P,(£) tends to zero when |¢| — co. Now

(x*ys) * p(x) = (2m)~ VP2 fmsn exp (ix, £) Po(§)7:(6)$(6) d§+f

1212R

Take R sufficiently large. Then | P (£)| <¢/2, |¢|> R. The L?-norm of the second
term is dominated by ¢/2|y, * ||, where ¢ will be given later. Let R be fixed as
above. The L2-norm of the first term is estimated by

. . 2 1/2
76) max [Po7OI([ 1o ag) -

On the other hand, it holds that
#6)] 5 [Ip0ol dx S (Vo fsupp. 9 ol.

Hence (7.6) is estimated by
max | P,(£)7,(6)|(Vol. [supp. ¢])**- |¢| - (Vol. B(R))*2,

where B(R) is a ball whose radius is R. Clearly ||¢| < ||y, * ¢| for s >0. So the lemma
is proved.
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REMARK. We note that x*y,(x) € L%(R" 1) if we take o such that |«| is sufficiently
large.

LEMMA 7.2 (CF. [9]). Let s be real, positive and b(x) € C*(R"~*). Then
(1.7 16)s * @) —vs * @) < €6, Iys* o, e CPR).

Here (8, 5) is a constant, which tends to zero when the diameter of the support of ¢
tends to zero.

Proof. The commutator, which we must estimate, is
(1.8) b(xJys + 9=y, + b = [ 1600 —B0X )= 3ol '

We use the Taylor’s formula for b(x’) around x:
, (.x’ - x)" ’ ' ’ ®
b(x)—b(x) = D D)+ D balx, X)x'=x)%,  bulx,x)eC.
1=legt-1 * lal=1
Then (7.8) is written as
Db
(=" —;,E-) (v * @

15lajsi-1

(19)
FEI S b, X)) ls =2yl

lal=1

By Lemma 7.1 it is clear that every expression (D*b(x)/e!)(x%y,) * ¢ in the first
term of (7.9) has the property (7.7). We take / sufficiently large so that x%y,(x) € L?,
|| =1 (cf. Remark of Lemma 7.1). Then every term in the second summation is
estimated as follows:

sup [bu(x, ¥)] [I66=x)x= )] 19| d' = sup [bul, )l (1l + 1o.C)

By Hausdorff-Young’s inequality
Hxyal * lolllz2 = 1xallz2- l@Ce)] 22

Moreover
leG)]2 = (Vol. [supp. D' [lp(x)] :2.
Combining these estimates we obtain the inequality (7.7)

COROLLARY 1. Letpe C(R*~Y), supp. ¢ < {x; |x|<8}=B(8) and b(x)e C*(R""?)
with b and each D*b bounded on R"~'. Then

(1.9) "78* b(x)w" s C“’Ik“)’s*?’"’ k = k(s), —o < s < o,

(?) It follows easily from our hypotheses that b.(x, x’) is bounded on R*~*x R*"1,
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where

ble = > sup |D®(x)|-

la|]<k xeRn-1

In particular, if b(0)=0, then

(7.10) "7’s * b(x)‘P" < (9, s)"')'s * 'P"’

where (8, s) is a constant such that (8, s) — O when the diameter 8 of the support of
@ tends to zero.

The proof is easy, so we omit it here.
Now let us continue the proof of Theorem 6.1. We note that the norms
|v|s and |y, * v(x, 0)|| .2z, are equivalent to each other. Let us write

0/(D)o(x, 0) = Qy(x, Dy +(Q2,(D)— Qy(x, D)),  ve CF(Ldy).

If we assume that 8 < 1, we may (by altering the coefficients of the b;(x, D) outside
the unit ball) assume that coefficients of b;(x, D) and each of its derivatives is
bounded on R"~!. Then the corollary stated above yields

| QA D)v|m- Py -mi2my = | Q4(x, D)|m - p; - mizmy
+ 8(8, pj) Z l Davlm - Py —m/2mp> vVE C:(Qo)

{a@,q> =Py

(7.11)

As we have seen in the proof of Theorem 3.2 there exists a constant C not depending
on & such that
(7.12) > |Dn-py-mam, S C D D], veCR(Q).

{@,q>=p; {a,g>sm

Hence if we take 8 sufficiently small, we get the estimate:

w2, 1Dl = C(uP(x, ¥, Dl + 2 |Q(x, DYolm-5,-mizms+ ||v||), ve C2(Qd),
@,q>=m i=1
which completes the proof.

REMARK. We note that the necessity of our complementing condition (Definition
3.1) for the validity of the estimate (3.8) can be proved by the analogous way in

(1, §10).
8. Regularity at the boundary. We introduce function spaces @™ and H°.
DEFINITION 8.1. By ®™(R")=®" we mean the set of all ¥ e L%(R%) such that
Dru e L*(R") for any « satisfying {«, ¢> <m. The space ®™ is a Hilbert space with
norm

.1 lulz = > | Dol

(a,q>=m

We denote by H(R*~')=H* (for a real s=0) the set of all u € L?(R"~*) such
that

(L+<E)Ya(E) € LR,
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The space H* is a Hilbert space with norm
(8.2 uls = [[(L+<EYVAE N 2an-1) = llys * ull 22,

where we also denote by #(¢) the Fourier transform of # with respect to variables
Xx=(X1, ..., Xn_1)-

DErFINITION 8.2. We shall say u € ®7(Q,) if pu € O™ for all p € C&(Q,). Similarly
we shall say u € Hf,.(w,) if pu(x) € H* for all ¢ € Cg*(w;).

Concerning with the properties of the spaces ®™ and H* we have the following
lemmas.

LEMMA 8.1. Let s and t be two integers such that 0 < s<t. Then for any >0 there
exists a constant C=C(¢) such that

(8.3) luls = elulle+Cllul,  ue @

Proof. Clearly C((R%)%) is dense in ®* for every ¢. Hence Lemma 8.1 can be
reduced to Lemma 5.1.

LEMMA 8.2. For every u € @™ there exists the trace
D*u(x,0) € H™=?~™2", 0 5 p £ m—m|my,, {a,q) < p,
and there is a constant C= C(m) such that

(8.4) D DUn-p-mam, S Clt|n  ue®m
(e, >Sp

The proof of Lemma 8.2 can be given by the argument stated at the end of §5.
So we omit the detail.

Now take p=p(x) € C°(R*~?) satisfying the following:

(@) far-1 p(x) dx=1 and

(i) p(é)=O0(|€|*), ¢ — O for some sufficiently large integer k.

Set p(x)=¢"""Vp(x/e) (e>0). If v e ®™, the regularization of v

ve(x, ) = e=®-D f o', Vp(x—x'[e) dx’,  y 20,

is infinitely differentiable with respect to x and obviously v, € ®™, and v, — v in
®™(R") as ¢ — 0.

As usual we denote by S((R" )?) the set of all the functions, each of which is a
restriction in (R%)® of a function in S(R").

LemMA 8.3. If ue L¥(R%) and a€ S((R%)*) and if pe€ Ce(R*™Y) satisfies (i)
and (ii), then

(8.5) 1 * (au;— (au)s)|| 2z ) — O as ¢—0.

The lemma is derived by a simple modification of the proof of Theorem 2.4.3
in [5], so we omit the proof. (For the definition of y,, see (7.4).)
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THEOREM 8.1. Consider the boundary problem

(8.6) Px,y,Du=f in Q,

8.7) Ox,Du=g; on w, j=1,...,r

where P(x, y, D) is a quasi-elliptic operator given in §6, and the boundary operators
Q(x, D) are also given in §6.

Suppose ue dn(Q). If fe C*(Q) and if g;e C*(w), j=1,...,r, then there
exists a positive number 8=3(t) such that u € O%rY(Q,) for t=1,2,....

Proof. First take any tangential derivative DZ (here B=(B,,...,Bx-1,0)).
We want to prove that there exists a 8= 8(8) such that

(8.8) Di(pu) € O™

for any ¢ € CP(Q,).
To do so, it is sufficient to prove that for any positive integer s there exists a
8=25(s) such that

(8.9 s * (pu) € O™

for any ¢ € C§°(£2;). We consider the case s=1.

We set P(D)=72.s,0ysm 30, 0)D* and Q(D)=3 o 055y, b0)D%, j=1,...,r,
the same as in §6. As y, * (pu), € D™(R") for any ¢ € C£(Q2) and for any &> 0, the
coerciveness estimate yields

lys * @l < C(|P(D)yy * (910),)]
(8.10) ,
+ 2 | Q/D)y1 * @Welm-p, - mizmy+ |71 * (@U)e]),

i=1

where the constant C is independent of ¢ € Cg°(€2) and of ¢ (>0).
Write

71 * P(D)pu)e = v, * P(x, y, D)(¢u),
+y1 * {(P(D)—P(x, y, D))(pu).}.

Then, for the second term in the right hand side, we can easily see by using
Corollary 1 in §7, that for any »> 0 there exist §=38(v) and ¢, =¢4(») such that

vy * (P(D)—P(x, y, D))(‘P“)s"t.’(n’b < vyy * (P)ellm
for any ¢ € Cs°(€2,) and for any e (0 <& =< ¢,). Similarly we can get

|71 *{@AD)— Qi(X, DYP)e}|m-p,-miamy = ¥|y1 * (PW)s]m:

Jj=1,...,r for any p € C&(£);) and for any ¢ (0 < e =<¢,). Here also & and ¢, depend
only on v.
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Thus we get the following estimate:

lyy * (@Wsllm £ C(lly1 * P(x, y, D)(pu)s|

(8.11) + 2 |71 * Q)% DY@U)slm-p,-miame

j=1
+lr*(@ukl), PeCP(Qs), 0 < e = e,

where the constant C is independent of ¢ and e.
Next we prove that the norms

"71 * P(X, s D)(‘Pu)e "
and

I)’I * Ql(x’ D)('Pu)slm-p,—mmm,,’ j = la RPN )

are uniformly bounded with respect to ¢ (0 <e=<¢,). By Lemma 8.3 it is sufficient
to prove the uniform boundedness of the norms '

lyy * (P(x, y, D)pu)e|
and
71 * (Q4x, DY@We)|m- 5, - mizmes J=1...,r
We note that y, * (P(x, y, D)(eu)).=(y, * P(x, y, D)(pu)). If we write

Déy
8.12) P(x,y, D)gu) = 9P(x, y, Dyu+ Zo——ﬁ, -P5(x, y, Dyu,
B# :

then the fact oP(x, y, D)u=gf € C5°(£2,) implies y, * ¢f € L*(R’,). Now, we take any
term (D%p/B)a,(x, y)D*~#u in the summation of (8.12). Take ¢ € Cs°(£2;) such that
¢y =1 in supp. ¢. Then

(Dp[BYan(x, y)D*~Pu = (DPp/B)ay(x, y) D*~*(Yu).

By virtue of Lemma 7.2 it is sufficient to prove y, * D*~?(yu) € L%(R%). We can
easily observe that if {a,g)><m, B<«, B#0, then there exists a constant C such
that

L+ & ™Mo ]y |m-rm) €5 Enn =]
S CU+|&|™+ - +|€nma|™-1 +|7|™)

for any (£, 7) € R™. Let (yu), be the extension of yu in ®"(R") by the method used
in the proof of Lemma 5.1. Then y, * D*~%(Ju), € L3(R"). Therefore we see
y1 * D*~#(Yu) € L*(R".). Hence we have

y1 * P(x, y, D)(ou) € L*(R%).
Now it is obvious that
(71 * P(x’ ya D)(q’u))c =" * (P(x’ y’ D)(‘Pu))c
is uniformly bounded for ¢ (0 < e = ¢y).
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For the norms |y, * Q/(x, D)®u)|m - p, - mi2m,» WE again write
DB
O,(x, D)) = #Q,(xs D+ > = 0f(x, Dy
8% :

Similarly to the above, it is sufficient to prove that

l'yl * Da'B('/‘u),m-p,—mmmn <

for any ¢ € C°(Q;), where <, ¢> S p;, BS e, B#£0. Clearly, it holds that

l')’l * Da_ﬁ(‘/’u)lm—p;—m/mn s |Da_B('/’“)Im-(p;-l)-m/zmn’
and {«a—pB,q>=<p;—1. So Lemma 8.2 gives us

I‘yl * Da'ﬂ(‘/’“)lm—p;—mmmn < .

Thus, by using Lemma 8.3, we can conclude that the norms

2 * (P(x, y, D)(gpu)e)|
and
,)’1 * Qf(x> D)(‘P“)zlm—p,-mlzm,., .I = 1, ey

are uniformly bounded with respect to ¢ (0 < e<¢,). By the estimate (8.11), we can
see that the norm |y, * (pu)|, is uniformly bounded with respect to e (0 << e).
Hence the theorem of Banach-Saks implies y, * pu € O™,

We can repeat this procedure and get

Diue ®4(Q), Bl SN, B.=0, 8§=28©N)
for any integer N. Now the equation P(x, y, D)u=f can be written in the form

8.13) Dpuu=~ > alx,y)DEDputf.

{@,q)Smian<my
Differentiating (8.13) with respect to x-variables we see
DiDyru € Lio(Qy).
Moreover we have
DEDPn* 1y € LE(Q).
We can repeat this procedure and arrive at the conclusion of Theorem 8.1.

9. Hypo-analyticity at the boundary. In the following we shall investigate the
more precise estimates of the derivatives of the solutions of a quasi-elliptic bound-
ary problem. However, we are limited to the case of simple boundary operators.

Consider a quasi-elliptic operator P(D) of weight g=(m/m,, ..., m/m,_,, m/m,)
and of determined type r (1 <r<m,) given by (3.1):

P(D) =D+ > a DDy,

(@,@)Sm;ap<mg,

where a, are complex constants.
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As the boundary operators we take only normal derivatives such that
0(D)=Dl, j=1,...,r, where k;#k, if i#j and 0<k,;<m,—1. Clearly these r
boundary operators cover P(D) (see Definition 3.1).
DErFINITION 9.1. Let Q be a domain in R" and set d=(d,,...,d,), di21,i=
1,..., n. We call u a function of the class G(d, Q) if u is infinitely differentiable in Q
and if for each compact set K in Q there exist two constants C,, C; such that

n
©.1) | D%, Kl S CoCl [  afee
i=1

or equivalently (if some «;=0, then we define oft=1 and |«!*/ =1 if |a|=0)
9.2 | DU, K| £ CoClHlafus

for any «, where |w, K|, means the maximum of |w| in K.

As in §6, let Q be a domain in R" and let the boundary of Q contain an open set
w (# @) in the plane y=0.

Now we can state our results.

THEOREM 9.1 (CF. [3]). Let P(D) be the quasi-elliptic operator defined as above
and take the boundary operators D% (j=1, . . ., r) given above. Consider the boundary
problem

0.3 P(Dyu(x, y) = f(x,y) in Q,
9.9 Diu(x,0) =0, j=1,...,r on o

withf € G(Aq; QU w), \g=(Aqy, - . ., Aq,), A= 1. Then any function u € O7(Q U w)
satisfying (9.3) and (9.4) is a function in G(A\q; Q U w).

THEOREM 9.2. Let P(D) be the same as in Theorem 9.1. Assume that a function
u € C*(Q V w) satisfies the following conditions:
(i) For each compact set K in Q U w there exist two constants C,, C, such that

9.5) | P¥(D)u, K| S CoC¥(mk)* (A 2 1).
(ii) On the plane boundary o, it holds that
9.6) DiP*(Dyu(x,0) =0, k=0,1,2,...,
where k;, j=1, ..., r are the same as in Theorem 9.1. Thenu e G(A\q; Q U w).

REMARK. As a special case of Theorem 8.1 we see that any solution
u € O (Q U w) of the problem (9.3), (9.4) is infinitely differentiable on Q U w.

10. Proof of Theorem 9.1. To prove Theorems 9.1 and 9.2 we make use of the
methods in [3], [2] and [8].

First we shall derive some preliminary lemmas by making use of the coerciveness
inequalities proved in the foregoing paragraphs.
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We denote by W the set of all functions v € C(Q U w) which satisfy boundary
conditions (9.4).

LemMMA 10.1. Let P(D) be that in Theorem 9.1. Then for any ¢>0 and for any
v € W the following inequality holds:

(10.1) 2 ID%v|e® < Clem| P(Dyo] +(1+em)|o]l},

(a,q>=m

where the constant C is independent of e and ve W.

Proof. First we see that, if {8, ¢)> <m, then

n-1 {B.,q>Im
(10.2) lfﬂ'nﬂ»léC(Z|£,|mf+|n|M~) . GmeR,

where the constant C is independent of such B. In fact, replacing £; by ;™™
Jj=1,...,n—1 and 7 by ™™ in (10.2) means multiplying both sides by ¢ if £>0.
Hence (10.2) is valid. Next noting that <{8,¢>/m=1 we can easily verify that, if
{B, q> =m then

n-1
(10.3) [£5nPale<t > < C{f’"(z I§;I"‘1+lnl"‘")+1}
i=1

for another constant C independent of such 8 and of (£, 5) € R". By the same way
in the proof of Lemma 5.1, we get for any e, {a,q¢> <m and foranyve W

(10.4) | Dev|le¢=® < C{e’" > IID;"'vII+IIvII}~
j=1

Finally we apply the coerciveness estimate (3.8) and we get‘Lemma 10.1.

LemMA 10.2 (cF. [3], [10]). For every compact set K<(R%)* and for every
h,0<h=1, there are a function Y=y , and constants C, independent of h such that
YeCy(Ky), ¥=1o0n K and

(10.5) D)o < Coh=<*®  for every a,

where K,={x e (R%)*;dis (x, K)<h}. It may be assumed that Diy(x,0)=0,
i=1,...,m,.

Now we introduce some notation. For convenience we assume that the plane
boundary « contains the origin (0,...,0). We denote by ¥ the hemisphere
{(x,»); |x|?+y2< R?, y>0} included in Qand put ¥V _,={(x, y); [x|>+y2 < (R—r)?,
y>0},0<r<R=1. We set for arbitrary />0,

(10.6) ID%u; 1+<B, >, V|| = sup ri*<#@|D%u, V_],
and
14y
lwigomi V1 = sup T (52)" 1% 1+<R2, V1,
5203 8,=0 1.7 \Bi+1
(10.7)
B=@s. 1)y >0,1 Sisn—1
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The following lemma is essential in our proofs of Theorem 9.1 and Theorem 9.2.

LeMMA 10.3 (CF. [2]). Let P(D) be the same as in Theorem 9.1, that is, P(D)
is quasi-elliptic of weight q and of determined type r. Then

2 D Vo dee 5 CLer PO, Vool +emn
a,q)=m

(10.8)
3| D%u, V_q_g| + |u, V—<"°)"}

{a,q)<m

Jor any ¢>0 and for any ue C*(V) satisfying the boundary condition (9.4). The
constant C is independent of r, 8 (0<8<r,0<r< +0o0) and u.

Proof. Take y=4 _, , defined in Lemma 10.2. Then Ju also satisfies the bound-
ary condition (9.4). Hence yu satisfies the inequality (10.1). So

1D%u, V_ille*® = Clem| P(D)@u)| +(1+e™) | gull}.

a,@>sm

By the Leibniz formula we have

P(D)yu) = yP(Dyu+ D D a;CosD* *uD%,

(@, ¢>Em piSaiB+0

where C, ; are appropriate constants. Hence we have

IP(DY@w)| < CIP(D, V_o-p|+C > 8B DBy Y

(@, q>sm BiSe f#0
s C|P(Dyu, V_¢_s|+C Z =MD, V_ g
(rig><m
Thus the lemma is proved.
Now in (10.8) we put e=y-¢-r, d=r¢ with sufficiently small x, ¢ (>0) determined
later. Then (10.8) turns into

> DM, V_ |y oy < C{x”‘(tr)"‘IIP(D)u, V_ra-sl
{a,q>=m

(10.9) + X" D ()| Do, V|

(a,g><m

+ [lu, V—r(l—t)"}-
Multiplying both sides by (¢r) (/=0) we have

z | D%u, V_, |rt @@y aadpaad +1
(a,@>=m

< C{IP@OW V-ra-ol -0y (155)

\ t \!*+<eo
XS D Vool -0 o ()

{@,q><m

+ "“, V_a _0||(r(1 - (ﬁ)l}
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Hence we get by (10.6)
Z | Du; I+, gp, V|x® @+ @

{a,q>=m

l+m
< c{1p@s 1+m, vl (1) T a

t 1+ {a,q) t 5
1us 1o, VL (75) T+l V() |
(@.q><m =t 11
Now assume 0<¢=<1/(/+m). Then there is a constant ¢ >0 such that
(t/(l - t))' +<a,q) é it <aadge

for any « satisfying {«, ¢> <m. Taking y sufficiently small here we get, for another
constant C,

| D%u; 1+ <e, g), V|t < C{| Pu; I+m, V|t™+ |u; I, V|}

{a,q)=m

with any ¢ such that 0 <7< 1/(/+m).

We note that in Lemma 10.3 the terms £*% and 6*% can be replaced by
@A and 8§¢*2® with any A= 1 respectively. Thus we can obtain the following:
lemma.

LeEMMA 10.4. There exists a constant C such that

(10.10) Z | D*u; 1+ e, Ag), V|t ¢*2®> < C{| P(D)u; I+m, V|t™ + |u; I, V|}

{a,g>sm

Jor all ue C(QU w) satisfying the condition (9.4), provided that 0<t=
1/(l+m), Az 1.

By making use of these lemmas we can prove Theorems 9.1 and 9.2. For sim-
plicity we consider the case A=1. It will be convenient to use the notation:

(10.11)  (D®P(D)u), = t#©+mDSP(Dyu,  (DPu), = t 40 Doy;
BO(Dau) = "(DBu)Q; l+ <Ba q>, V"(3),

(10.12)
B, () = max  B(Du), iz0;
{B:q>SM; Bp=0
(1013 By(D*Pu) = |(D*Pu),; 1+<B,q>+m, V|,
' Bi..(Puy= max B(DPu), iZ0;
{B:@>SM; fn=0
b b vi= sw TT (&) 1% 1+<8.0, v
u;q, 1 i, = U iy u, N ) .
% ¢ ﬁ§0:£=0;=1 Bl 1
(10.7)

n-1 Byqy
|Pu; g, w3 L, V| = supﬂ (g) | DPpu; I+ m+<B,q>, V|.

(®) The B, are functions of ¢ also.
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LEMMA 10.5. There is a constant C> 1 such that
(10.14) C ~'Bfu) < max {112?; C¥*-1B,_,(Pu), Bo(u)}
for j=1,2,... and for all ue C>(V) satisfying (9.4), provided that 0<t
=1+ jm).
Proof. We see that (10.10) means
(10.15) B,(u) = max {CBy(Pu), CBy(u)}

with some positive constant C. The inequality (10.15) shows that (10.14) is true
when j=1 and 0<¢ =< 1/(/+m). If we replace u by D?u in (10.8), multiply both sides
by e and then proceed as in the proof of Lemma 10.4, we find that

By(u) £ max {CB,(Pu), CB,(u)},
provided that 0 <¢=<1/{/+2m). Again by (10.15) we obtain
(10.16) B;y(u) = max {CB;(Pu), C2By(Pu), C2By(u)},

provided that 0<¢<1/(/+2m). Proceeding in this way, we can prove (10.14)
for all j.

LEMMA 10.6. Let B, be defined by (10.12), (10.13) with t;=1/(l+jm) for |l and j
fixed. Then there are constants ¢ <1 and C,, independent of j, such that

(10.17) Cilu;q, cu; L, V| < C~/By(Pu, 1))+ By(u)
and
(10.18) C~'B{(Pu,t) < |Pu;q,p; 1, V|,

where p=(C*%, ..., Ct%-1),

Proof. Put N=| Pu;q, pu; I, V|, where u=(C*%, ..., C'/%-1), and suppose that
t=1/(l+jm). Then

1
I+jm

max C/B(Pu) <  max c-'ﬂ'(
{B:,@>Sim; a=0

l m+(B,q) n—1 ﬁ 3““
ma C -8l ( - ) (_‘) N
<a.¢>sm§ Bn=0 I+jm I:Ix My

ﬁl( A )M( ! )mN<N
max rwrt o S V.
a>simpp=0i=i \JTIM I+jm

m+<8,a>
)" 1D Pus 1m0, VI

A

A

This proves (10.18).
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Next, with the same ¢, u as above we have, for ¢ determined later,
1\
max  C (——) | D%u; 14+, >, V |

(J- IMS<B.q> S Im I+jm

1 <B.,q) n—1 B Byq n-1 cp Byq;
max c-7 (—— ) (—’) (—‘)
(- 1mS<B.a> Sgm I+jm 41:! CHu 113 Bi

| DPu; 1+, @), V|

C~'Bw)

1\

1\

n-1 B ™ 1

>C max n() | D%u; 1448, 4>, V|,

G-1mSB.OSmM 31 [C(1+Jm) =1

where C’ and C, are constants independent of j. Put

ot B9,
K= 1:[1 [C(l+jm) » (-Dm =B, g £ jm.
Then
b,
@R =r H [cg:;n) S Cem 0, (j-Dm 5 Bq> < jm,

is finite if ¢ is sufficiently small. This proves (10.17).
Finally we obtain the following estimate:

(10.19) lusq, eus b, VI < C{IPu; g, 3 L, V([ +us I, V},

for all u e C=(V) satisfying (9.4). In the same way we can get the estimate of the
type

(10.20) | D*u; q, cu; 1+<ea, gD, V| £ C{| Pusq, w; L, V| +|us 4, V|}

for any o such that {«,g)<m.

Now we can complete the proof of Theorem 9.1. Let f(x, y) be in G(g, Q U w).
Then for any hemisphere K={(x, y); |x|2+y2=r, yZ0}<V, there are constants
Co, C, such that

(10.21) I D°f, K| £ CoCifl|ef <@
for all «.

By the inequality (10.20) we have for new constants C,, C,
(10.22) | D4Du, K| = CoClI|B|<*®

for any B (8,=0) and « (e, ¢> <m). We may assume that the corresponding con-
stants in (10.21) and (10.22) are the same.
The equation P(D)u=f can be written in the form

(10.23) Dpu=f- >  aDu

{a,q>Sm;ap<mp

We note that («,g><m and «,=m, imply «,=0, (i=1,...,n—1), and that for
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any positive integer k (Sm,), {e,g>=<m and «,=m,—k imply >}-! g, Skqn.
Differentiating (10.23) with respect to x-variables and applying (10.21) and (10.22),
we have

(10.24) | DEDnu, K| < CoCP|B| <2 + BC,CP|B| 4,
where we put B=1+3, |a,|. Again differentiating (10.23) we have
DED™*y = DED,f— > a,DED% DTy

{a,g>Smiapn=mp-1

+ 2 aDYDEDy*)

{@,@>Sm;apSmp -2
where we put a,=0 when «, <0. Applying (10.24) and Lemma 10.1 we have
| D&Y 1, K| < CuClP'* (1B + D)4
(10.25) + B(B+1)CoClE'* n(|B| +¢,) 40+
+BCCI+ 90 (|| +gy +m)#:0> + ¥,
Repeating the procedure we can obtain, by a simple induction argument on &,
(1026 1DEDE 0 KIS (B+ < Gl on (1] +hgy 4 m) >k +l"' A

Hence we can take new constants C,, C; such that
(10.27) | DADJs*u, K| S CoClo*ma*5(|B| +my+K)<8:a>+ma + 00,

for any B (8,=0) and for any k0.
Applying Sobolev’s lemma to the inequality (10.27) we obtain Theozem 9.1.

11. Proof of Theorem 9.2. From the estimate (10.10) we easily obtain

max !1D3+au; l+<ﬁ+a, ,\q>, V"t<ﬁ+¢,m>
(ll l) {@,q>Sm; (B,q> Skm; Bn=0
< C* max || Plu; l+jm, V| Mm
0sjsk

for all ue C *(Q U w) satisfying (9.6), provided that 0<z=1/({+km), k=0, 1,2,....
In a quite similar manner to that used in the proof of Lemma 10.6 we obtain
the estimate of the form

mAk
(112) max | Do; M, p; [+ \g), V]| 5 Csup( k) | P¥u; 14 Nem, V|,
where

14
| D*u; Ag, p; I+<e,Ag>, V| = sup H( ) " | D *eu; 1+ B+ <o, Agd, V).

BZ0; Bn=0j.1

The same argument as in the end of the proof of Theorem 9.1 completes the
proof of Theorem 9.2.
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REMARK. The conclusion of Theorems 9.1 and 9.2 can be extended to operators
with variable coefficients. The proof can be obtained by a quite similar argument
to the proof of Theorem 9.1 and Theorem 9.2 (cf. [2], [8]).

Added in Proof. The conclusion of Theorems 9.1 and 9.2 can be extended to the
general quasi-elliptic boundary problems defined in §3. Details will be given in a
future publication.

REFERENCES
1. S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. 1, Comm. Pure Appl.
Math. 12 (1959), 623-727.
2. A. Cavallucci, Sulle proprieta differenziali delle soluzioni delle equazioni quasi-ellitiche,

Ann. Mat. Pura Appl. 67 (1965), 143-168.

3. J. Friberg, Estimates for partially hypo-elliptic differential operators, Medd. Lunds Univ.
Mat. Sem. 17 (1963), 96 pp.

4. L. Hérmander, On the regularity of solutions of boundary problems, Acta Math. 99 (1958),
225-264.

S. , Linear partial differential operators, Springer, Berlin, 1963.

6. Y. Kametaka, Sur la régularité au bord des solutions des équations paraboliques, Proc.
Japan Acad. 41 (1965), 109-113.

7. J. Lions and E. Magenes, Espaces du type de Gevrey et problémes aux limites pour diverses
classes d’équations d’évolution, Ann. Mat. Pura Appl. 72 (1966), 343-394.

8. T. Matsuzawa, Regularity at the boundary for solutions of hypo-elliptic equations, Osaka J.
Math. 3 (1966), 313-334.

9. S. Mizohata, Une remarque sur les opérateurs différentiels hypoelliptiques et partiellement
hypoelliptiques, J. Math. Kyoto Univ. 1 (1962), 411-423.

10. C. Morrey and L. Nirenberg, On the analyticity of the solutions of linear elliptic systems
of partial differential equations, Comm. Pure Appl. Math. 10 (1957), 271-290.

11. J. Peetre, On estimating the solutions of hypo-elliptic differential equations near the plane
boundary, Math. Scand. 9 (1961), 337-351.

12. M. Schechter, On the dominance of partial differential operators. 11, Ann. Scuola Norm.
Sup. Pisa 18 (1964), 255-282.

MATHEMATICAL INSTITUTE,
NAGOYA UNIVERSITY



